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Today's Topics

01 Background
Why emulation becomes attractive on modern GPUs

TOPIC

02 Ozaki-I and II Scheme and its Performance
Slice-based and CRT-based high-precision matrix multiplication

CORE

03 Direct Application of Ozaki Schemes
Applying emulated GEMM directly to numerical algorithms

TOPIC

04 Refinement (Preconditioning)
Improving accuracy and efficiency through refinement

ACCURACY

05 Conclusion
Summary and future directions

TOPIC

FROM HARDWARE TREND TO NUMERICAL METHODS

Main flow: motivation → schemes → applications → refinement → conclusion Ozaki-I / Ozaki-II



Backgrounds：NVIDIA’s GPU
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GPU FP4TC INT8 TC FP8TC FP16 TC FP32 FP64 TC FP64
Feynman ？？ ？？ ？？ ？？ ？？ ？？ ？？
Rubin 35,000 250 17,500 4,000 130 33 33
Blackwell 9,000 4,500 4,500 2,250 80 40 40
Hopper --- 1978 1,978 989 67 67 34
Ampere --- 624 --- 312 20 19 10
Volta --- --- --- 125 16 --- 8

TFLOPS or TOPS for NVIDIA

new

400 200
Mat. Mul. Emulation

(Note) FP32 emulation uses NVIDIA’s BFx9 method (this is not the Ozaki Scheme).
On NVIDIA GPUs, the future of INT8 Tensor Cores is uncertain; 
therefore, a shift toward FP8 is being actively pursued, led primarily by Uchino.



Motivation

4

INT8TC:FP64 
1020   :   1

INT8TC:FP64 
512    :    1

INT8TC:FP64TC 
121   :   1

INT8TC:FP64TC
30    :     1

FP64 Emulation

B200H200

RTX4090

INT8 or FP8 FP64

RTX5090 Comparable to 
F64 accuracy

Advantages of Emulation (Example)
If low-precision arithmetic is 100× faster than FP64, 
then even when emulation incurs 
a 25× overhead relative to FP64, 
the overall computation remains 4× faster.
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Emulation of DGEMM
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↓m=k    n→ 1024 2048 4096 8192 10240 12288
Scheme OS-I OS-II OS-I OS-II OS-I OS-II OS-I OS-II OS-I OS-II OS-I OS-II

1024 2,922 1,027 3,331 2,238 3,395 2,660 3,362 3,554 3,304 3,187 3,280 3,407
2048 3,300 2,293 3,506 3,206 3,695 4,365 3,767 5,186 3,707 5,251 3,714 5,564
4096 3,456 2,375 3,822 3,676 4,033 5,060 4,098 6,151 4,034 6,392 4,013 6,584
8192 3,547 2,722 3,946 4,479 4,191 6,389 4,177 8,135 4,135 8,345 4,140 8,699

10240 3,540 2,829 3,948 4,530 4,216 6,492 4,206 8,133 4,193 8,447 4,173 8,876
12288 3,538 2,687 3,960 4,501 4,206 6,427 4,226 8,184 4,195 8,590 4,169 8,874

GFLOPS:  Left:  Ozaki-I 7 slices (implemented by NVIDIA)
Right: Ozaki-II Scheme, 14 Moduli (implemented by Uchino)

Measured peak performance: 
SGEMM 18,000 GFLOPS
DGEMM 360 GFLOPS

x25x11

RTX5060Ti



Application to

Matrix Decomposition

High-performance matrix multiplication for factorizations

Ozaki Schemes × Numerical Linear Algebra × GPU Tensor Cores



Straightforward Application
Emulation helps only when matrix multiplication dominates the total runtime.

Algorithm 1
Matrix multiplication dominates

Algorithm 2
Matrix multiplication does not dominate

Time for Mat. Mul. Time for Others Time for Mat. Mul. Time for Others

Before After emulation

Emulation

High impact

Before After emulation

Emulation

Limited impact

Key message: end-to-end speedup is governed by the fraction of time spent in matrix multiplication.



cuSOLVER
1024 2048 4096 8192 16384

cusolverDnXpotrf 1.00 1.04 0.99 1.00 1.81
cusolverDnDpotri 0.42 0.65 1.02 1.48 1.99
cusolverDnXpotrs 0.75 2.08 3.43 4.54 5.57
cusolverDnXgetrs 0.76 2.40 3.70 5.21 6.68
cusolverDnXgeqrf 0.78 0.86 1.10 1.32 1.19
cusolverDnXgetrf 0.68 1.03 1.68 2.65 4.37
cusolverDnXtrtri 0.32 0.48 0.71 1.01 1.35
cusolverDnDorgqr 0.30 0.60 0.97 1.20 1.27
cusolverDnDormqr 0.85 2.00 2.79 3.29 3.74
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RTX5060Ti

Thanks to NVIDIA’s great work



Acceleration Ratio

10

Amdahl's law
• Parallelizable fraction：p
• Non-parallelizable fraction：1-p
• Number of processors：N

1

(1 − p) + p
N

Acceleration model using emulation
• Fraction of each mat. Mul.：pi
• Fraction of non-mat.-mul.：1-Σpi
• Speedup by the Ozaki Scheme 

for each mat. Mul.：Ni

Simple acceleration model using emulation
• Fraction of mat. muls.：p
• Fraction of non-mat. muls.：1-p
• Speedup by the Ozaki Scheme：N

1

(1 − ∑pi) + ∑ pi
Ni

1

(1 − p) + p
N



Simple acceleration model using emulation
• Ex. ：Block Cholesky Decomposition
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Precondition method 
for matrix decomposition
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Preconditioning Method (AM-1)
• Cholesky Decomposition
A=(R2R1)T(R2R1)
R1 is preconditioner, 
R1, R2: FP32 matrices

• LU Decomposition
PA=L(U2U1)
U1 is preconditioner, 
L, U1, U2: FP32 matrices

• QR Decomposition
A=Q(R2R1)
R1 is preconditioner, 
Q, R1, R2: FP32 matrices 13

Good research by
Rump, Ogita, Carson-Higham, Terao
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